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A PROOF OF BROUWER’S CONJECTURE
VLADIMIR BLINOVSKY AND LLOHANN D. SPERANC¸A
Abstract. Building up from recent results, we present a short proof for Brouwer’s Conjecture.
1. Introduction
Let G ⊆
(
[n]
2
)
be a simple undirected graph. We define its Laplacian as
L(G) = D(G)− A(G),
where A(G) is the n× n incidence matrix given by:
ai,j =
{
1, iff (i, j) ∈ G,
0, otherwise;
and D(G) is the diagonal n× n matrix:
di(G) = |{j : (i, j) ∈ G}|.
Note that tr(L(G)) =
∑
i
di(G) = 2m(G), were m(G) is the number of edges in G. Moreover, a
standard argument shows that L(G) is nonnegative. We denote its eigenvalues as:
0 = µn(L(G)) ≤ µn−1(L(G)) ≤ . . . ≤ µ1(L(G)).
Brouwer conjectures bounds on intermediate sums of eigenvalues ([BH11]):
Brouwer’s Conjecture. The following inequalities are valid:
t∑
i=1
µi(L(G)) ≤ m(G) +
(
t+ 1
2
)
, t = 1, . . . , n.
It is known to be valid for t = 1, 2, n − 1, n and trees [HMTR10]; unicyclic and bicyclic
graphs [DZ12]; regular graphs [May]; for n ≤ 10 it was checked by A.Brouwer using computer
[BH11]; and it was proved to hold asymptotically almost surely [Roc19].
Brouwer’s Conjecture is also closely related to the study of the Laplacian energy and other
conjectures. In particular, combining the present result with [HT15] gives:
Theorem 1.1. For each graph G, there exists a threshold graph Gˆ with the same number of nodes
and edges whose Laplacian energy is greater or equal to the Laplacian energy of G.
Therefore, fixed the number of nodes and edges, the maximum Laplacian energy is always
attained by a threshold graph.
2. Proof of Brouwer’s Conjecture
Let G ⊂
(
[n]
2
)
be a graph and v a vertex of G. Consider G− v as the graph obtained from G by
deleting all edges {v, w} ∈ G. Also consider the complement of G, G =
(
[n]
2
)
\G.
Brouwer’s Conjecture is known to be valid for n ≤ 10 ([BH11]) and for regular graphs ([May]).
We explore these facts in order to obtain a proof through contradiction. Precisely, given a non-
regular graph with n nodes that violates Brouwer’s Conjecture, we show that either G−v or G−v
also violates the conjecture. Thus, a recursive argument contradicts either [BH11] or [May].
1
2 VLADIMIR BLINOVSKY AND LLOHANN D. SPERANC¸A
Proof of Brouwer’s Conjecture. Suppose there is a graph G ⊂
(
[n]
2
)
violating Brouwer’s Conjecture.
Specifically, suppose that there is t such that
(1)
t+1∑
i=1
µi(L(G)) > m(G) +
(
t+ 2
2
)
.
Following [HMTR10], we assume 2 ≤ t ≤ n − 2. Denote by dv(G) the entry in the matrix D(G)
corresponding to the vertex v. In what follows, we take a vertex v such that the degree of v, dv(G)
is maximum and recall the following interlacing property of the Laplacian (see [Lot07]):
(2) µ1(L(G)) ≥ µ1(L(G− v)) ≥ µ2(L(G)) ≥ µ2(L(G− v)) ≥ . . . ≥ µt(L(G− v)) ≥ µt+1(L(G)).
We divide the proof in two cases:
Case 1: Assume dv(G) + t+ 1 ≥ n. We have:
t∑
i=1
µi(L(G− v)) ≥
t∑
i=1
µi+1(L(G))
=
t+1∑
i=1
µi(L(G))− µ1(L(G)) >
(
t + 2
2
)
+m(G)− µ1(L(G))
=
(
t + 1
2
)
+ t+ 1 +m(G)− µ1(L(G)) ≥
(
t + 1
2
)
+m(G)− dv(G).
The first inequality follows from interlacing property (2), the second follows from (1) and the
last inequality follows from the hypothesis dv(G) + t + 1 ≥ n, since µ1(L(G)) ≤ n (recall that
µi(L(G)) = n−µn−i+2(L(G)) ≥ 0, i = 2, . . . , n−1). Since m(G−v) = m(G)−dv(G), we conclude
that G− v violates the Conjecture for the sum of the eigenvalues up to t.
Case 2: If t+ 1+ dv(G) < n, we consider the complement G¯. Recall the following result (see, for
example, [HMTR10, Theorem 6] or the proof of [Che19, Theorem 3.1], observing that G¯ = G):
Theorem 2.1. For each 1 ≤ s ≤ n− 2,
s∑
i=1
µi(L(G)) ≤ m(G) +
(
s+ 1
2
)
⇔
n−s−1∑
i=1
µi(L(G)) ≤ m(G) +
(
n− s
2
)
.
Therefore, (1) implies
(3)
t∗∑
i=1
µi(L(G¯)) > m(G¯) +
(
t∗ + 1
2
)
for t∗ = n − t − 2. Assuming that G is not regular and does not contains isolated vertices, we
choose v1 such that dv1(G) ≤ dv(G)− 1. We have
dv1(G¯) = n− 1− dv1(G) ≥ n− dv(G).
On the other hand, t+ 2 + dv(G) ≤ n. Therefore:
dv1(G¯) + t
∗ ≥ 2n− t− 2− dv(G) ≥ n
The proof is completed by applying Case 1 to G¯ − v1, concluding that the last also violates
Brouwer’s Conjecture. 
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